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^^ . Abstract 

rS^ • Given a graph G with maximum degree A > 3, we prove that the acyclic edge chromatic 

'^ \ number a'{G) of G is such that a'{G) < [9.62(A - 1)]. Moreover we prove that: a'{G) < 

[6.42(A - 1)1 if G has girth 5 > 5 ; a'(G) < [5.77(A - 1)] if G has girth g > 7; a'{G) < 
[4.52(A-1)] if 5 > 53; a'(G) < A + 2 ii g > r25.84Alog A(H- 4.1/log A)]. We further 
prove that the acyclic (vertex) chromatic number a{G) of G is such that a{G) < [6.59A^/'^ + 
3.3A]. We also prove that the star-chromatic number Xs{G) of G is such that Xs{G) < 
[4.34A'^/^ -I- 1.5A] . We finally prove that the /3-frugal chromatic number x^iG) of G is such 
f^ ; that x'^(G) < [max{fci(/3)A, fc2(/3)Ai+i/'^/(/3!)i/''}] , where ki{f3) and fc2(/3) are decreasing 

00 ■ functions of /? such that ki{f3) G [4,6] and k2(j3) e [2,5]. To obtain these results we use 

an improved version of the Lovasz Local Lemma due to Bissacot, Fernandez, Procacci and 
l/^ ■ Scoppola [6]. 
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1 Introduction 

Let G = {V, E) be an undirected graph with vertex set V and edge set E. Let A be the maximum 
degree of G and g the girth of G (i.e. the length of the shortest cycle in G). A vertex coloring of 
5^ , G is proper if no two adjacent vertices receive the same color. A proper vertex coloring of G is 

acyclic if there are no two-colored cycles in G. A proper vertex coloring of G is a star coloring 
if no path of length 3 is bi-chromatic. A proper vertex coloring of G is (i-frugal if any vertex 
has at most /3 members of any color class in its neighborhood. Similarly, an edge coloring of G 
is said to be proper if no pair of incident edges receive the same color. A proper edge coloring 
of G is said to be acyclic if there are no two-colored cycles. 

The minimum number of colors required such that a graph G has at least one proper vertex 
coloring is called chromatic number of G and will be denoted by c{G). The minimum number 
of colors required such that a graph G has at least one acyclic proper vertex coloring is called 
acyclic chromatic number of G and will be denoted by a{G). The minimum number of colors 
required for a graph G to have at least one star vertex coloring is called the star chromatic 
number of G and will be denoted by Xs{G). The minimum number of colors required such that a 
graph G has at least one /3-frugal proper vertex coloring is called the (3-frugal chromatic number 
of G and will be denoted by x^{G). The minimum number of colors such that a graph G has 
at least one proper edge coloring is called the chromatic edge number and will be denoted by 



c'{G). The minimuni number of colors required for a graph G to have at least one acyclic proper 
edge coloring is called acyclic edge chromatic number of G and will be denoted by a'{G). 

As far as we know, the best known upper bound for a{G) in graphs with maximum degree 
A has been given in [1] (see there Proposition 2.2), where it is proved that a{G) < 50A^'^ 
for all A > 1. However in [T] authors remarked that the constant 50 is not optimal. The best 
known upper bound for a'(G) in a graph with maximum degree A was obtained in |14j (see there 
Theorem 2.2) where it is proved that a'{G) < 16A for all A > 1. Recently such bound has been 
sensibly improved in J16j if one excludes graphs with girth less than 9. Actually it is proved in 
[E] that, if 5 > 9 and A > 4, then a'{G) < 5.91A and if g > 220 and A > 4 then a'{G) < 4.52A 
(see there Theorems 1 and 2). Alon, Sudakov and Zaks have conjectured in [3j that a'{G) < A+2 
and they proved this conjecture for graphs with girth g > 2000A log A and A > 3 (see there 
Theorem 4). Also in this case authors did not try to optimize the constant. Recently, the 
conjecture that a'[G) < A + 2 has been confirmed for some more families of graphs. Namely, 
complete bipartite graphs ^ , outerplanar graphs |17] , and graphs with maximum degree four |5] . 
To our knowledge, the best known upper bound for Xs{G) in graphs of maximum degree A has 
been given in J12l . where it is proved that Xs{G) < 20A'^'^ for A > 1 (see there Theorem 8.1). 
Finally, Hind, Mohoy and Reed have proved in [13] that x^{G) < max{(/3 + 1)A, e^A^+i/^//?} 
for sufficiently large A (see there Theorem 2). In papers [I], [3], [12], [13], [H], [16] the proofs 
rely on the Lovasz Local Lemma. 

The Lovasz Local Lemma, which is one of the main tools of the probabilistic method in 
combinatorics, has been recently related to the cluster expansion of the abstract polymer gas, 
which in turn is a widely used technique in statistical mechanics. Indeed, during the last decade, 
the intersection between statistical mechanics and combinatorics has attracted the attention 
of several researchers and has been increasingly investigated. In particular, the application of 
cluster expansion methods to coloring problems in graph theory goes back to 2001 with a seminal 
paper by Sokal |21j relating the anti-ferromagnetic Potts model partition function on a graph G 
with the chromatic polynomial on the same graph. 

Concerning specifically the Lovasz Local Lemma, its surprising and close connection with 
statistical mechanics was pointed out by Scott and Sokal [20] in 2005. Indeed, in [20], using 
an old theorem by Shearer |19j . the authors showed that the conclusions of the Lovasz Local 
Lemma hold for the dependency graph G with vertex set X and probabilities {px}x&x if and 
only if the independent-set polynomial for G is non vanishing in the polydisc of radii {px}x&x- 
The relation with statistical mechanics occurs because the independent-set polynomial of G is, 
modulo a constant, the partition function of the hard core self repulsive lattice gas on G, so 
that its logarithm is the pressure of such a gas. Prom this. Soft and Sokal could conclude that 
the Lovasz Local Lemma is a different way to rephrase the Dobrushin condition [8j for the 
convergence of the pressure of the hard core lattice gas on G. 

In 2007, Fernandez and Procacci [lOj provided a new criterion for the convergence of the 
pressure of the lattice gas on a graph G, and showed that this new criterion is always more 
effective than the Dobrushin's criterion. Later, the same authors used their criterion in pjj to 
improve Sokal's results on zero- free regions of chromatic polynomial of [21j . 

Very recently, Bissacot et al. [6] used the Fernandez-Procacci criterion [10] and the results 
in |20] to improve the Lovasz Local Lemma. This new version of the Lovasz Local Lemma 
has already been used to improve an old result on Latin-transversal [6j and to obtain some new 
results about colorings of the edges of the complete graph K^ [7]. Finally, it is worth mentioning 
that in a very recent paper, Pegden [18] has shown that the new Lemma of [6] also holds in the 
Moser and Tardos's algorithmic contest [15j. 



The present paper thus aims at informing the combinatorics community that many classical 
bounds obtained via the Lovasz Local Lemma can be improved using the new version presented in 
[B] . In an effort to convince the reader about that, we focus our attention on the six graph coloring 
problems described above, showing how it is possible to obtain, in a quite straightforward way, 
improvements on the bounds given in [T], [3], [12], [13], [2] and [TB], by simply using the new 
lemma of [6] in place of the Lovasz Local Lemma. 

The rest of the paper is organized as follows. In Section 2 we recall the Lovasz Local Lemma 
(Theorem 1), we present the new lemma [6j (Theorem 2) and we state our results on graph 
colorings (Theorem 3). In Section 3 we prove Theorem 3. 

2 The Lovasz Local Lemma, the new lemma, and results 

We first state the Lovasz Local Lemma (LLL) and immediately after the new lemma of [6,j with 
the intent of clarifying how the improvement works. 

To state these lemmas we need some definitions. Hereafter, if [/ is a finite set, \U\ denotes 
its cardinality. Let X be a finite set. Let {Ax}xex be a family of events on some probability 
space, each of which having probability FToh{Ax) = Px to occur. A graph H with vertex set 
V{H) = X is a dependency graph for the family of events {Ax}xgx if; for each x £ X, Ax is 
independent of all the events in the u-algebra generated by {Ay : y G X\T*jj{x)}, where Th{x) 
denotes the set of vertices of H adjacent to x and T*j^{x) = Tnix) U {x}. 

Denoting Ax the complement event of Ax, let flxex -^^ be the event such that none of the 
events {Ax}xgx occurs. 

Theorem 1 (Lovasz Local Lemma). Suppose that H is a dependency graph for the family of 
events {Ax}x£X each one with probability Y'Toh{Ax) = Px and there exist {f^x}xGX i"gclI numbers 
in [0, +oo) such that, for each x £ X , 

P. < -^ (2.1) 

with 

^x{f^) = l+ Yl Hi"- (2-2) 

RCr*^{x) x£R 

Then 

Prob( fl Ax) > (2.3) 

xex 

Remark. In the literature the LLL is usually written in terms of variables rx = f^x/i^ + f^x) S 
[0,1), so that (2.1) becomes px < i^xYlyi^rHMi^ ~ ''^y) (^^^ ^-S- Lemma 5.1.1 p. 68 in [2j). 
However, the formulation above, although completely equivalent to the usual one, shows in a 
clear way the difference and the consequent improvement contained in the following theorem. 

Theorem 2 ([6j). Suppose that H is a dependency graph for the family of events {Ax}xex each 
one with probability Prob(^a;) = px and there exist {iJ,x}xex real numbers in [0, +oo) such that, 
for each x G X , 

p^ < _^ (2.4) 

with 

^:i^l) = l+ Yl U^"- (2.5) 

Rcr'^ix) x&R 

R indcp in H 



Then 

Prob( fl i,) > (2.6) 

xex 

Remark. The only difference between tfie LLL (as stated in Theorem [T|) and Theorem [2] above 
is that in Theorem [1] the sum of the right hand side of (2.2) is over all the subsets of T*jj{x) 
while in Theorem [2] the same sum is now only over the independent subsets of r^(x). This 
yields (/'^(/^) < fxifJ') so that condition (2.4) in Theorem[2]is always less restrictive than (2.1) in 
Theorem[TJ Moreover, noting that v'x(m) = (1 + fJ-x) Hwer (x)(.^ + Mj/)) it is clear that condition 
(2.1) of Theorem [1] does not depend on the graph structure of Th{x) (i.e. on the subgraph of H 
induced by Th{x)) but only on its cardinality. For example, condition (2.1) is the same, either if 
Th{x) is an independent set, or Th{x) is a clique. In contrast, condition (2.4) in Theorem [2] does 
depend on the graph structure of rj^(x) (and hence of Th{x)). Consequently, the improvement 
brought by Theorem [2] is maximal when the set of vertices Th{x) which are neighbors of x form 
a clique, and it is nearly null when vertices of Th{x) form an independent set in the dependency 
graph (e.g. like in bipartite graphs). In view of this, in the next section we will frequently the 
following inequality. Let x be a vertex of the dependency graph H for the events {Ax}xex, 
and suppose that r^(a;) is the union (not necessarily disjoint) of ci,. . . ,Ck cliques, then, by 
definition (2.4), 

k 

</3*(At) < 1 + X] Yl X] ■■■ Z] ^^i---^^» 

s=l l<ii <■■■< js< fc xiGCi-^ XsGCi^ 

k 

= n [i + E %] (2.7) 

We conclude the section by stating the results contained in the present paper, which can be 
summarized by the following theorem. 

Theorem 3. If G is a graph with maximum degree A > 3 and girth g, then 

(a) a'{G) < r9.62(A-l)]. 

(h) If g>5, then a'{G) < [6.42(A -1)]. If g > 7, then a\G) < [5.77(A -1)]. If g > 53, 
then a' {G) < [4.52(A - 1)]. 

(c) Ifg> r25.84AlogA(l + i|^)l, then a' {G) < A + 2. 

(d) a{G) < [6.59A4/3 + 3.3A] . 

(e) Xs{G) < r4.34A3/2 + 1.5A] . 

1+ ^ 

(f) For any /3 > 1, x^{G) < rmax{A:i(/3)A, k2{fi)^yr^]^, where A;i(/3) and A;2(/3) are de- 
creasing functions of fi such that ki{j3) G [4,5.27] and A;2(/3) G [2,4.92]. 

Remark. Note that, differently from Theorem 2 in [13], in item (f) it is not required to take 
A sufficiently large. As for items (a) -(e), to prove item (f) we only need A > 3. We also stress 
that we did not attempt to optimize the non leading terms in A in bounds (c) -(e). 



3 Proof of Theorem [3] 

Hereafter G = iV, E) will denote an undirected graph with vertex set V , edge set E, maximum 
degree A > 3 and girth g. 

3.1 Proof of item (a): acyclic edge chromatic number of G 

Let K be the set whose elements are the pairs {e, e'} C E such that e, e' are incident in a 
common vertex. Let, for k > 2, C2k{G) be the set of all cycles in G of length 2k. Finally, 
let X = K U (Ufc>2^2fc)- We regard cycles C2k £ C2k as sets of edges, so that the elements 
of X are (some of) the subsets of E. For each edge e £ E, choose a color independently and 
uniformly among N possible colors such that N > c(A — 1) (c is a constant to be determined 
later). Consider now the following unfavorable events. 

L For {e, e'} G K, let ^|e,e'} be the event that the edges e and e' have the same color. 
IL For C2fc G C2k (k > 2), let Ac^^ be the event that the cycle C2k is (properly) bichromatic. 

If condition (2.4) of Theorem [2] holds, there is a non zero probability that none of the events 
of type I or II occurs, and hence there exists a proper edge coloring of G with no two-colored 
cycles. To check condition (2.4) we first observe that, for each {e, e'} G K, the probability of 
the event ^{e,e'} is 

Prob(^|,,,,|) = 1 
while, for any k > 2 and C2k £ C2k 

1 



Prob(A,,J < 



^2k-2 



Secondly, we have to find a graph with vertex set X which is a dependency graph for the events 
{Ax}x(^x- Since we are choosing a color at random for each edge independently, we have clearly 
that the event ^{e,e'} is independent of any other event ^{/,/'} such that {e, e'} n {/,/'} = 
and of all events Ac^,, with k > 2 such that {e, e'} n C2k = 0- Analogously, for any m > 2, the 
event Ac^,^ is independent of all events Aijjn with {/, /'} G K and all events Ac^^ with k > 2 
such that C2m H {/, /'} = and C2m H C2k = 0- So let H = (X, F) be the graph with vertex set 
X and edge set F such that the pair {x, x'} G -F if and only if x n x' 7^ 0. By construction, H 
is a dependency graph for the events {Ax}x£X- Now observe that 

• each edge e is contained in at most 2(A — 1) pairs {/, /'} G K 

• each edge e is contained in at most (A — 1)2^-2 cydes C2k G C2k, for any k > 2 
Hence 

[a] for each vertex x = {61,62} £ K of H, r^(x) is the union of two sets T'Kx) and r2(a^) 
such that, for i = 1,2 

|r:(x)|<2(A-l) + ^(A- 1)2-2 

s>2 

and every element z G r|(x) contains e^ (z = 1, 2), so that the subgraph of H induced by 
r* (x) is a clique. 



[b] For k > 2 and for each vertex y = C2k = {ei, . . . , e2k} G C2k of H, T*jj{y) is the union of 
2k sets r*(y), . . . , T^j^iy) such that, for any j = 1,2, . . . , 2k, 



|r*(y)|<2(A-l) + j;(A-i; 



2s-2 



s>2 



and every element z £ r*(y) contains Cj. Hence, for any j = 1,2, . . . , 2k, the subgraph of 
H induced by r*(y) is a chque. 

Let us now choose nonnegative numbers {iJ,z}zeX such that: for any x £ K, fi^ = fii; for each 
y £ C2k, fJ-y = A*A:- Then, recalhng definition (2.5) and inequahty (2.7), an easy calculation shows 
that under conditions [a] and [b] we have 



ifUfx) < [l + 2(A-l)/.i + J](A-i; 



2s-2 



f^s 



s>2 



and 



iflifx) < [l + 2(A-l)/.i + J](A-i: 



2s-2, 



fJ'S 



2k 



s>2 



and hence conditions (2.4) become 



1 

N 

1 



< 



Ail 



l + 2(A-l)^i + E.>2(A-l) 



2s-2 



IJ'S 



j\^2k-2 



< 



fJ-k 



1 + 2(A- 1)^1 +E,>2(A- 1)2- V 



2fc 



Now choosing /ii = /i = -^^ with < q < 1 and /^^ = jj?^ ^, and recalling that N > c(A — 1), 
the conditions above are satisfied if 



1 a 

~c- il + 2a + Zs>2^''-'r 



1 
- < 



a 



k-2 



c - (1 + 2q + Es>2"^'"^)^''/^' 
Since k > 2, the first inequality implies the second. Therefore the condition which guarantees 
that none of the bad events {^^jxex occurs is 



1 



< 



a 



il + 2a + Zs>2^''-'r 



I.e., 



a 



c > a'^ l + 2a + ^ (3.1) 

L 1 — a^J 

The function on the right hand side of (3.1) can be minimized in the interval a £ (0, 1) and 
a straightforward calculation gives that (3.1) is satisfied if c > 9.6130002. Hence every graph 
G with maximum degree A such that edges are colored using a number of colors N greater or 
equal than 9.62(A — 1) admits an acyclic proper coloring. D 



Remark. As observed in [T6], using the Lovasz Local Lemma one can obtain an upper bound 
for the edge chromatic number d{G) of a graph G at best c'{G) < [4eA] and for any G we have 
clearly that a!{G) > c'{G). We leave to the reader to check that one can obtain c'{G) < 4(A — 1) 
using Theorem [2] in place of Theorem [1] and proceeding similarly to the scheme illustrated in 
the proof of item (a) above. 

3.2 Prof of item (b): acyclic edge chromatic number of G when g > 5 

We follow here the strategy described in [16j. Namely we will first consider the following problem. 
Let r/ > 2 be an integer. We want to know the minimum colors needed to find a coloring C of 
the edges of G such that 

1. In any vertex v of G the number of edges incident to v having the same color is at most rj 

2. There is no properly bichromatic cycle in G 

3. There is no monochromatic cycle in G 

Suppose that we are able to prove that, for some A^ G N, we find a coloring C which satisfies 
1, 2, 3, using N colors. Then it is also possible to find a coloring C' using N' = r]N colors 
which is proper and satisfies 2 (i.e. C is an acyclic proper coloring). Indeed, just observe that 
in the coloring C the sets of edges with the same color are forests with maximum degree r] and 
one needs ry colors to proper color a forest with maximum degree r]. So if one recolors each 
color Cj (i = 1, 2, ... A) in the coloring C using cj,cf, . . . ,di distinct colors in such a way that 
monochromatic forests disappear, then one gets a new coloring C in which N' = ijN colors are 
used and by construction C is proper and satisfies 2. 

Now, we use Theorem 2 to show that if A > c(A— 1) (where c is a constant to be determined) , 
then the coloring C satisfying properties 1-3 exists and hence, in view of the above argument, if 
A' > c'(A — 1), with c = r]c, then there is an acyclic edge coloring C on G using A' colors. 

As we did in the previous subsection, let us choose for each edge e € E independently a color 
at random among A > c(A — 1) possible colors. Let now Kj^ be the set whose elements are sets 
of edges Krj = {ei, 62, ... , e^+i} C E all incident to a common vertex. Let Gm {in > 3) be the 
set whose elements are all cycles Cm in G of length m. Finally, let X = {Um>3 ^^n} U ^v ^^ 
regard cycles as subsets of edges. So again the elements of X are (some of) the subsets of E. 
We now consider the following unfavorable events 

I. For Krf = {ei, . . . , e^+i} S K^j, let A^^^ be the event that all edges ei, . . . , eri+i have the 
same color. 

II. For C2k £ G2k, let Ac^j^ be the event that the cycle C2k is either properly bichromatic or 
monochromatic. 

III. For C21+1 G G21+1, let vlc2;+i be the event that the cycle C21+1 is monochromatic. 

Theorem 2 gives a condition which guarantees that the probability that none of the events 
of type I or II or III occurs is strictly positive and hence the existence of a coloring C of G with 
properties 1, 2 and 3 above. 

Observe that, for Kr^ G K^^, the probability of the event A^^^ is 

Prob(^.J = ^ 



while, for any k > \g/2\ and C2k G C2k 



P^ob(^^2J = ^^ (3.2) 

and, for any I > \_g/2\ and C2/+1 G C21+1 

Prob(Ae2,+J = ^ 

To prove (3.2) just observe that the total number of ways of coloring an even cycle C2k using N 
colors is N'^^ while the number of ways of coloring an even cycle C2k using N colors so that the 
cycle is either monochromatic or proper bichromatic is A^ + N{N — 1) = N"^, where N is the 
number of different monochromatic ways of coloring the cycle C2k and N{N — 1) is the number of 
different proper bichromatic ways of coloring the cycle C2k- So Prob(^c2fc) = N'^/N'^^ = 1/N'^^^'^ . 
Now we have to find a graph with vertex set X which is a dependency graph for the events 
{^x}x(^x- Since we are choosing a color at random for each edge independently, we have once 
again that the event Ax is independent of all other events A^i such that x n x' = 0. So the 
graph H = [X, F), with vertex set X and edge set F such that the pair {x, x'} G F if and only 
if X n x' / 0, is a dependency graph for the events {Ax}x&x- Now observe that 

• each edge e is contained in at most 2( ^ ) < 2^^ — -|-^ distinct sets k^ = {ei, . . . ,e^+i} G 

• each edge e is contained in at most (A — l)'"~2 gyg^gg ^^ g (j^ (^^y^ > 3^_ 
Hence we have the following. 

[a] For each vertex x = k^ = {ei, 62, ... , e^+i} G K^^ of H, r^(x) is the union of 77 + 1 sets 
r* (x) (i = 1, . . . , r/ + 1}) such that 

ir:(x)i<2i^^+ Y. (A-i)^^-^+ E (A-i)^'-i 

^' k>\g/2-] l>[g/2\ 

and every element of r*(x) contains Cj. Hence the subgraph of H induced by r*(x) is a 
clique for i = 1, . . . , 77 + 1. 

[b] For 771 > 3 and for each vertex y = Cm = {ei, . . . , 6^} G Cm of H, we have that r^(y) is 
the union of ttt, sets T\{y), . . . , T*^{y) such that, for j = 1, . . . , m, 



\T]{y)\<2^-^-^+ Y: iA-ir-'+ J: (A-1) 



k>lg/2] l>l9/2\ 

and every element of T*- (y) contains ej so that the subgraph of H induced by T*- (y) is a 
clique for all j = 1, 2, . . . , tti. 

Let us now choose nonnegative numbers {nz}zex such that: for any x G K^j, fix = Ml! fo^ each 
y G Cm, fJ-y = Mm- Then using once again inequality (2.7) one gets, under conditions [a] and [b], 
that 



<P» < [1 + 2^^^w + E (^ - i)''"'/^2fc + E ^"''' 



rj 



1^21+1 



»?+i 



k>lg/2] l>l9/2\ 



and 



VW < 



^^^(^^^^^ ^ (A-l)^^-V2.+ E (A-lf-V2.+i 



Tjl 



k>\9/2] 

and hence condition (2.4) of Theorem [2] becomes 



i>[gm 



1 



< 



^1 



1 

]\J-2k-2 



< 



l + 2(^/.l+ E (A _ l)2A.-2^2fc + E (A-1)2'-V2m 

fc>rff/2i ;>Ls/2j 

M2fc 



»?+l 



Af2« 



< 




1 + 2(^^1+ Z {^-ir'-^f^2k+ E (A-l)2'-V2/+l 

fc>rs/2i ;>Ls/2j 



2Z+1 



Now choose /^i = fj,^, fi2k = M^'^ ^i /^2/+i = M^^ and n = -^rrj with a G (0,1). Then, recahing 
that A^ > c(A — 1), the conditions above are satisfied if 



< 



< 



a 



1 + 2^+ E «''=-'+(A^ E «^' 

fc>rs/2l «>L9/2J 



{ri+l)/V 



a 



1 + 2^+ E «''^-' + iA^ E «^' 

fc>r9/2l «>L9/2J 



2k/{2k-2) 



1 
- < 

C 



a 



{2l+l)/2l 



i + 2f + E «''=-' + 7A^ E «2' 

If 5 > 5, then /c > 3 and / > 2 and moreover, if r/ > 2, the three inequahties are satisfied if 
1 



< 



a 



1 + 2^ + ^ (a2r9/2l-2 + ^«2L,/2J^ 



(■n+i)/v 



Hence, recalhng that c = rjc, observing that a2r9/2l 2 _|_ _L_Q,2Lg/2j ^ .^_Q,2r9/2l 2 f^^, g^^j 

A > 3 and all 5 > 3, and optimizing with respect to a G (0, 1), we get 

A a2r9/2l-2- 

(3.3) 



c> n min a 

ae(o,i) 



.a' 



1 + 2— + 



r/! A-1 (l-a2)J 

If 5 > 5, ?7 = 2, and A > 3 a rough calculation (bounding ^^ by 3/2 for all A > 3) gives 
c > 6.42 and hence a'{G) < [6.42(A - 1)]; If 5 > 7 and r/ = 2, we get c > 5.77 and hence 
a'{G) < [5.77(A - 1)] . Finally, if 5 > 53 and r/ = 3, we get c > 4.52 and hence a'{G) < [4.52A] . 
Note that a'{G)/A < 4.52 is obtained in [16j for g > 220. D 

Remark. Observe that, for fixed g, r] the quantity c defined in (3.3) slightly decreases as 
A — )■ 00 and one can check that limA-s.00 c(5, 2, A) < 6.159 . . . , limA-i-oo c(7, 2, A) = 5.654 . . . , 
limA-s.00 c(53, 2, A) = 4.511 . . . , yielding a slight improvement of a'{G) in all three cases consid- 
ered as A — )• 00. 



3.3 Proof of item (c): a class of graphs with maximum degree A and acycHc 
edge chromatic number < A + 2 

We follow [3] using Theorem [2] instead of the Lovasz Local Lemma. By Vizing' Theorem [22j . 
there exists a proper coloring C of the edges of G with A + 1 colors. An even cycle is called 
properly half-monochromatic with respect to the coloring C, if one of its halves (a set of alternate 
edges) is monochromatic while the other half is not. Note that a properly half-monochromatic 
cycle is never properly bichromatic by the coloring C. Observe also that a cycle of odd length 
can never be properly bichromatic by the coloring C. 

Let K be the set whose elements are all pairs of adjacent edges {e, e'} of G. Let B2m 
{m > 2) be the set whose elements are all cycles 62m in G of length 2m which are properly 
bichromatic by the coloring C. Let H2m {fn > 2) be the set whose elements are all cycles 
h2m in G of length 2m which are properly half- monochromatic by the coloring C. Finally, let 
X = K U (Um>2 -^2m) U (Um>2 ^2m)- Again the elements of X are (some of) the subsets of E. 

Let us now recolor each edge e £ E using a new color randomly and independently with 
probability ^ (where c < 1 is a constant to be determined later). Call C this new coloring 
which by construction uses A -|- 2 colors. We need to show that with positive probability the 
coloring C is such that 

A. No pair of adjacent edges has the same color 

B. There is no properly bichromatic cycle 

We use condition (2.4) of Theorem [2j So, once G has been recolored by the coloring C, consider 
the following bad events. 

L For each pair of adjacent edges {e, e'} G K, let ^{e,e'} be the event that e and e' have the 
same color. 

IL For each properly bichromatic cycle 62A: £ B2k of length 2k, k > 2, in G with respect to 
the coloring C, let Aj,^^ be the event that either no edge is recolored with the new color or 
one half is recolored and the other half stays unchanged. 

in. For each properly half-monochromatic cycle /i2m E H2m of length 2m,, m>2, with respect 
to C, let ^/i2m be the event that h2m becomes properly bichromatic by recoloring the non 
monochromatic half of its edges with the new color and leaving the monochromatic part 
unchanged. 

Clearly, if none of the bad events I, II, or III occurs, properties A and B are satisfied. It is 
straightforward to see that the probabilities of the events I, II, and III are as follows. 
For each pair of adjacent edges {e, e'} 

Prob(A|e^e'}) = ^ 
For k >2 and each properly bichromatic cycle 62fc of length 2k, 

P-b(A.J = (l-^f + 2(l-^)'=(^)% 

< ^—^ (3-4) 
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For k >2 and each properly half-monochromatic cycle /i2fc of length 2k, 

To prove (3.4) let w = c/A. Then (3.4) becomes 

(1 - wr + 2w^ (1 - wf < -^ 

(1 + w) 

i.e., multiplying both side of the inequality by (1 + w)^^ 

which is true for all A: > 2 , if w < 1/2, which is indeed the case since w = c/A < 1/3. 

Now, as before, a bad event A^ of the collection {A^j^gx is independent of all other events 
Ax' such that x n x' = 0. So the graph H = {X, F) with vertex set X and edge set F such that 
the pair {x, x'} G F if and only if x n x' 7^ is a dependency graph for the collection of events 
{Ax}x<^x- Moreover, as shown in [3j (see there Lemma 7), in a properly edge-colored graph G 

• each edge e is contained in at most 2 A pairs {/, /'} of incident edges 

• each edge e is contained in at most A properly bichromatic cycles of G 

• each edge e is contained in at most 2A'^^^ half- monochromatic cycles of length 2k 

Hence 

[a] For each vertex x = {61,62} G K of H, r^(x) is the union of 2 sets r*(x) {i = 1,2) such 
that 

|r*(x)| <2A + A+ Yl ^A'^-i 

and every element of T*{x) contains 6j. Hence the subgraph of H induced by T*{x) is a 
clique for i = 1, 2. 

[b] For k > 2 and for each vertex y = {ei, . . . , 62fe} G B2k U H2k of H, we have that T*j^{y) is 
the union of m sets r^(y), . . . , T2f.{y) such that, for j = 1, . . . , 2k, 

\T*{y)\ <2A + A+ Y, 2A^"i 
k>lg/2] 

and every element of T*- (y) contains Cj so that the subgraph of H induced by T*- (y) is a 
clique for all j = 1,2,..., 2k. 

Let us now choose nonnegative numbers {^^j^gxas follows. For any x G K, put Hx = f^i-i', for 
each y G B2m, put fiy = fj,2', for any z € H2m put fiz = /^2m- Then using once again inequality 
(2.7) one gets, under conditions [a] and [b], that, for any x £ K and any y £ B2k U -^2/0 

^lin) < [1 + 2Ai2i + A112 + Yl 2A^"V2s)' 

s>l9/2] 
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and 



\2k 



Hence, we have that the condition of Theorem [2] is satisfied if there are positive numbers 
//i,/i2, {Ai2fc}fc>[g/2] such that the following inequalities are satisfied 



< 



^J■l 



A2 - (1 + 2A^i + A^2 + Es>ra/2i 2A^-V2 



< 



^J'2 



s-l,,„ \2k 



1 + ^)2^ - (1 + 2A^i + A^2 + E.>r,/2i 2A-V2 

^2fc 



AH a; - (1 + 2A^i + A^2 + Es>\9/2] 2A^"V2s, 

2 k 

Put now /xi = /^2 = -^ and /^2fc = -^^ Then the inequalities above become 

a 



\2k 



C < 



1 + 



Rai'^) 



:i+f)' 



< 



cll-^l < 




where we have put 



Rg{a) = 3a + — 



20^3/21 



a 



Now note that (3.6) can be satisfied for all k greater than some fixed /cq only if 

c > Rg{a) 



(3.5) 
(3.6) 
(3.7) 

(3.8) 
(3.9) 



On the other hand, if (3.9) holds, then inequality (3.7) is satisfied if (3.5) is satisfied. Indeed 
inequality (3.7) can be rewritten as 



c< 



a 



a 



1 + 



figC") 



and 



(1-i) 1 + ^ 



fig(") 



A 

-1 



:i-i) 



1+ 



(i-i) 1+ 



> 1 due to (3.9). 



Now let us suppose that 5 > 80 so that 



Raia) < 3a^ + 



20^0 



1 — a 



and let find ao such that 



/("o) 



a 



1 + 



R»a(ce) 



Rsoia) 
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is maximum. A simple calculation show that the maximum occurs around 0.155 so let us choose 
a = uq = 0.155 and /(ao) = 0.07928. Hence we can choose 



Co 



"0 



1 _|_ -R8o(qo) 



Now solve 



< 



A 



k — / D r ^\k 



I.e. 



:i+f) (i+«^) 



{1 + — 
— ^^|>logA + log(l/ao) 



Observe now that, for a > 6 > 0, log{^} = log{l + j^} and, for w > 0, log(l + w) > 
w{l — w/2). So, recalling that i?8o(ao) = 0.0721, cq — -Rgol^o) = 0.07928, and also using that 
A > 3, we get after some easy computations 



k> 12.92AlogA('l + 



logA/V A/ 



1 + ^ 



which holds for all integers k > \g/2] as soon as g' > 25.84Alog A(l + ij;^)(l + ■^) and since 
(1 + i^)(l + f ) < 1 + i^ for all A > 3, Theorem 3 item (c) follows. D 

3.4 Proof item (d): acyclic chromatic number of G 

We follow [Ij using Theorem [2] instead of the Lovasz Local Lemma. Let C be a vertex-coloring of 
G = {V, E) such that in each vertex the color is chosen at random independently and uniformly 
among N > cA^'^ colors (c being a positive constant to be determined later). In the following 
a pair of non-adjacent vertices u,v oi G will be called a special pair if u and v have more than 
A^''^ common neighbors and will be denoted by {u,v). 

Let P4 be the set whose elements are set of vertices {vq,vi,V2,v^,V4} forming paths of length 
four in G. Let C4 be the set whose elements are sets of vertices {vi,V2,V3,V4^} forming 4-cycles 
in G. Let S be the set whose elements are sets of vertices {v,v') forming special pairs in G. 
Finally, let X = EU P^UCiU S (here, of course, E is the set of edges of G). Observe that now 
the elements of X are (some of) the subsets of the vertex set V of G. 

Consider the following unfavorable events. 

I. For each pair of adjacent vertices {u, v} £ E of G, let Aju^^i be the event that u and v 
have the same color. 

II. For each path p^ = VQV1V2V3V4 G P4 of G, let Ap^ be the event that vertices fo,t'2;^4 have 
the same color and vertices vi,V3 have the same color. 

III For each induced 4-cycle C4 = T;it;2V3U4 G C4 of G, in which neither vi;vs nor V2;vi is a 
special pair, let Ac^he the event that vi;v3 have the same color and V2',V4^ have the same 
color. 

IV For each special pair of vertices (u, v) £ S of G let vl^^^^^ be the event that u and v receive 
the same color. 

13 



Alon, Mc Diarniid and Reed have shown in [T] that if none of the event I, II, III or IV occurs 
then the graph is properly colored without bichromatic cycles (see in [1], proof of proposition 
2.2). We now use Theorem [2] to show that with positive probability none of the events occurs. 

We first observe that the probability of an event of type I, II, III and IV respectively are 

Prob(A|„,^}) = -, Prob(^pJ = ^ Prob(^e4) = ^ Prob(A(„,^)) = - 

Secondly, we note that, for x,x' ^ X an event A^ (where x ^ X can be a pair of adjacent 
vertices, a path of length four, a cycle of length three or a special pair) is independent of all 
events A^' such that x n x' = 0. So the graph H = {X, F) with vertex set X and edge set F, 
such that the pair {x, x'} G F if and only if x n x' 7^ 0, is a dependency graph for the collection 
of events {Ax]x(^x- 

Finally, following [1], (see there the proof of Lemma 2.4) we have that 

• a vertex v ^V belongs to at most A edges of G. 

• a vertex v &V belongs to at most |A^ paths of length 4 in G. 

• The number of induced 4-cycles in G containing v in which no opposite pair of vertices is 
a special pair is at most ^A^'^. 

• The number of special pairs of vertices containing a given vertex v is at most A^' ^. 
Hence 

[a] For each vertex x £ E U S oi H (i.e. either x = {fi,'y2} or x = {vi,V2)), ^*jj{x) is the 
union of 2 sets r*(x) (i = 1,2) such that 

|r*(x)|<A + -A4 + lA8/3 + A4/3 

and every element of r*(x) contains fj. Hence the subgraph of H induced by r*(x) is a 
clique for i = 1, 2. 

[b] For each vertex y = {vo,vi,V2,vs,V4} G P4 of H, we have that r^(y) is the union of 5 sets 
r*(y), . . . , ri{y) such that, for j = 1, . . . , 5, 

■^ 2 2 

and every element of r*(y) contains Vj so that the subgraph of H induced by r*(y) is a 
clique for all j = 1, 2, . . . , 5. 

[c] For for each vertex z = {^1,^2,^35^4} S C4 of H, we have that r^(z) is the union of 4 
sets T*{z), . . . , T1{z) such that, for j = 1, . . . , 4, 

|r*(z)| < A + -A^ + -A8/3 + A4/3 
-' 2 2 

and every element of T*{z) contains Vj so that the subgraph of H induced by T*-{z) is a 
clique for all j = 1, 2, 3, 4. 
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Let us now choose nonnegative numbers {fj,u}uex as follows. For any x £ E, put fix = /"i; for 
each y E P4, put /iy = fi2', for any z G C4, put fiz = /^a; for any w £ S, put /i^ = /X4. Then using 
(2.7) one gets, under conditions [a]-[c], that, for any x G E U S, any y S P4, and any 2: G C4 



<f'. 



^*(m) < (1 + Ami + ^AV2 + ^A^/^s + A^/V)' 



and 



^lifl) < (1 + A/Xi + ^AV2 + ^A8/V3+A^/3m4)' 



and 

Vp:(/x) < (1 + Ami + ^AV2 + ^A8/3m3 + A4/V)' 

Hence Theorem [2] holds if there are positive numbers ^i, ^2; /^3; and fi4 such that the 
following inequalities are simultaneously satisfied: 

1 ^ /^i 



A^ - (1 + A^l + f AV2 + ^A8/3m3 + A4/3/,4)2 
1 ^2 

iV3 - (1 + A//1 + IAV2 + ^A8/V3 + A4/3^4)f 



1 ^ ^J■3 



iV2 - (1 + A^i + IAV2 + ^A8/3/i3 + A4/3^4)4 

J_ ^ ^M 

A^ - (1 + A^l + IAV2 + ^A8/3//3 + A4/3^4)2 

Taking /^i = ^4 = M, /i2 = Ai^ and ^3 = fi^ these inequalities are satisfied if, for some fi > 

1 < ^ 



iV - (1 + (A + A4/3)^ + 1 A8/3/i2 + |AV)^ 
Now choose fi = a/A^'^. Then, recalling that N > cA^'3^ inequality above is satisfied if 



1 a 



c (l + (l + A-V3)Q,+ ia2 + |a3)2 



2" ' 2 
i.e. 



c> -{I + a + -a'^ + -a^f + 
a 2 2 



a 2 , 1 n 5 o. 



A2/3 Al/3^ '2 2 



(3.10) 



and taking a = 0.34 it is easy to check that the right hand side of (3.10) is less than 6.583 + 
3.3/AV3 fQj. ^Yi A > 3. So we get c > 6.583 + 3.3/AV3 g^^^ ^^^^^^ ^^q-^ < p6.583A4/3 + 3.3A] . 

n 

3.5 Proof of item (e): star chromatic number of G 

We follow [I2J, but we use Theorem [2] in place of the Lovasz Local Lemma. Let C be a vertex- 
coloring of G = {V, E) using A^ > cA3/2 ^Q^Qj-g (^(, being a positive constant to be determined 
later) such that in each vertex the color is chosen at random independently and uniformly among 
the set of N colors. 
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Let P3 be the set whose elements are set of vertices {vi,V2,V3,V4} forming paths of length 
three in G and let X = EU P3. Observe that, as in subsection 3.4, the elements of X are (some 
of) the subsets of the vertex set V of G. 

Consider the following unfavorable events. 

I. For each pair of adjacent vertices {u, v} £ E oi G, let ^{„^.t,} be the event that u and v 
have the same color. 

II. For each path of length three ps = uit'2'y3i'4 G P3 in G, let Ap,^ be the event that vertices 
vi, V3 have the same color and vertices V2 and V4 have the same color. 

Clearly, by definition, if none of the events above occurs then C is a star coloring. 
We first observe that the probability of an event of type I, II, respectively are 

Prob(A|„^^}) = — , Prob(^p3) = -^ 

Then, as in Subsection 3.4, we observe that, for x G X, the event A^ (where now x € X can 
be a pair of adjacent vertices or a path of length four) is independent of all events A^', with 
x' G X, such that x n x' = 0. So the graph H = {X, F) with vertex set X and edge set F such 
that the pair {x,x'} S F if and only if x n x' 7^ is a dependency graph for the collection of 
events {A^}x^x- 

Finally, as observed in [12] (see there Observation 8.1) we have that 

• a vertex v G V belongs to at most A edges of G. 

• a vertex v £ V belongs to at most 2A(A — 1)^ < 2A'^ paths of length 3 in G. 

Hence 

[a] For each vertex x = {^1,^2} G E oi H, rj^(x) is the union of 2 sets T*{x) {i = 1,2) such 
that 

|r*(x)| < A + 2A3 

and every element of T*{x) contains Vi. Hence the subgraph of H induced by T*{x) is a 
clique for i = 1, 2. 

[b] For for each vertex y = {ui,f 2,^3,^4} G P3 of H, we have that r^(y) is the union of 4 
sets r^(y), . . . , Tl{y) such that, for j = 1, . . . , 4, 

|r*(y)| < A + 2A3 

and every element of ^*j{y) contains Vj so that the subgraph of H induced by r*(y) is a 
clique for all j = 1, 2, . . . , 4. 

Let us now choose nonnegative numbers {//^j^gxas follows. For any x G E, put fix = ^i! for 
each y £ P3, put fiy = fJ-2- Then, by conditions [a] and [b], using (2.7) we get that, for any 
x £ E, and any y £ P3 

ifliti) < (1 + A^i + 3AV2)' 
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and 



^li^i) < (1 + A^i+3AV2)^ 



Hence, analogously to the previous sections, Theorem [2] holds if we can find nonnegative numbers 
//I, /i2 such that the following inequalities are simultaneously satisfied: 



A^ - (1 + A^i + 2A3^2) 



2 



1 ^ /^2 



Af2 - (1 + A/ii + 2A3^2)^ 

Now take ^2 = Mi ^-^d jii = a/A^/^. Then, recalling that A^ > cA^/^, these inequalities are 
satisfied if, for some a > 

la 

c - (l + A-i/2a + 2a2)2 ^^'^^^ 

Maximizing the right hand side of (3.11) with respect to a we get that the maximum is reached 

at 

1 
a = ao 



V^\ \n+0TK+ ' ' 



24A ^ V 24A 



Now observing that oq < l/v6 for all A > 1, we get that the inequality (3.11) is satisfied for 
all A > 3 as soon as 



> \/6 



1 / 1 

24A ^ V 24A 



4 1 

+ 



3 V6A 



(3.12) 



It is now easy to check that the left hand side of (3.12) is less than ^\/6 + ■^y= for all A > 3. 

So we get c > fy/6 + ^ and hence XsiG) < [4.34A3/2 + 1.5A]. D 

3.6 Proof of item (f): /3-frugal chromatic number 

We follow [13j, but we use Theorem [2] instead of the Lovasz Local Lemma. Let now C be a 
vertex-coloring of G = {V, E) using c colors (c being a positive constant to be determined later) 
such that in each vertex the color is chosen at random independently and uniformly among the 
set of c colors. 

We may assume /3 > 2 since in the case /3 = 1 the 1-frugal chromatic number of G, x^{G), is 
just the vertex chromatic number of the graph obtained from G by adding an edge between any 
two vertices at distance 2 in G, which has maximum degree at most A2 and hence, by Vizing 
X^{G) < A2 + 1. Given v ^V , let S'a be the set whose elements are sets of vertices {vi , . . . , f/^+i} 
such that {vi, . . . ,f/3+i} C Vg{v). Let Sp = Uijev ^'b- ^^^ X = EU Sp. As in subsections 3.4 
and 3.5, the elements of X are (some of) the subsets of the vertex set V of G. 

Consider the following unfavorable events. 

I. For {u, v} G E^ let ^{u^^,} be the event that u and v receive the same color. 

II. For sp = {f 1, . . . , t'/3+i} G Sp, let As^ be the event that all vertices in sp receive the same 
color. 
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If none of the events above occurs then, by definition, C is a /3 frugal coloring. We have clearly 

1 , „ .... 1 



Prob(A{„^^}) = - and Prob(Afe^) - ^ 



As in subsections 3.4 and 3.5, the graph H = (X,F) with vertex set X and edge set F such 
that the pair {x, x'} G F if and only x n x' 7^ is a dependency graph for the events {Ax}x£X- 
Moreover 



a vertex v £ V belongs to at most A edges of G. 

fA 
V/3 



a vertex v £ V belongs to at most A( „) < A^+^//3! sets of type h/3 = {vi, . . . , t'/3+i}. 



Hence 

[a] For each vertex x = {^1,^2} £ E oi H, T*jj{x) is the union of two sets T*{x) (i = 1, 2) such 
that 

|r*(x)| < A + Ai+'5/^! 

and every element of r*(x) contains Vi. Hence the subgraph of H induced by T*{x) is a 
clique for i = 1, 2. 

[b] For for each vertex y = {vi, . . . , fr?+i} £ '5/3 of H, we have that T*jjiy) is the union of /3 + 1 
sets r|(y), . . . , r*^-^(y) such that, for j = 1, . . . , /3 + 1, 

\r*{y)\<A + A^+^//3l 

and every element of T*Jy) contains Vj so that the subgraph of H induced by T*Ay) is a 
clique for all j = 1, 2, . . . , /3 + 1. 

Let us now choose nonnegative numbers {fiz}zex as follows. For any x £ E, put fix = /^i; 
for each y G 5/3, put fiy = ^2- Then, by conditions [a] and [b], using (2.7) we get that, for any 
X G E and any y G Sp 

^liix) < (1 + A/ii + -^//2)' 



and 



Hence Theorem [2] holds if 



and 



^li^i) < (l + A/.i + ^^2)''+^ 

1 < ^^1^ (3.13) 

c - (1 + A/.1 + ^/.2)2 



_1 / /"2 

O 



-? < ^TTTs (3-14) 

--^ - (1 + A/.1 + ^^2)^+^ 

Put /ii = fi, fi2 = /3lfJ,^~^^ and a = A/i G (0, +00), then inequalities (3.13) and (3.14) become 

11a 

c - A(l + a + ai+/5)2 ^^-^^^ 
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and 



which are satisfied if 



where 






a 



1+^ 



c > max 



1 + q + q1+/5) 



ki{f5) = min 

a>0 



(/3! 
{l + a + a^+Pf 



(3.16) 
(3.17) 



a 



UP) 



1 + a + a 



1+/3 



mm ■ 

a>0 



a 



i+i 



An easy computation shows that ki{j3) and /c2(/3) are both decreasing functions of /3 and, 
for /3 > 2, we have that /ci(/3) G [4,5.27] and /c2(/3) G [2,4.92]. Therefore we get that c > 
max{A;i(/3)A, A;2(/3)Ai+V/3/(/3!)i//3} and hence x^(G) < [max{A;i(/3)A, A;2(;5)Ai+i//3/(/3!)i//3}] . 
D 

Remark. Note that (3.17) is vahd for all A > 3. Moreover the upper bound (3.17) of x {G) is 
a decreasing function of /3. 
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